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1 Introduction

Using previously published DNA reassociation kinetics (Cot curve) data (1), Gans
et al. (2) estimated bacterial species richness (one aspect of diversity) in a soil sam-
ple to be 8.3 × 106. Our examination shows that cumulative uncertainties in the
statistical, microbiological, and biochemical assumptions underlying this estimate
render it so imprecise as to be uninformative. Here we re-derive the basic mathe-
matical model of the Cot curve, and we re-analyze the original data, fitting it to the
model via standard nonlinear regression. We find an estimate of species richness
in close agreement with the authors’, but with statistical standard error equal to 26
times the estimate itself. In addition we discuss several potentially crucial sources
of experimental and measurement error.

2 Mathematical model of DNA reassociation

The following discussion broadly parallels that in Gans et al. (2), while simplifying
the central mathematical argument.

2.1 Non-repetitive DNA

In a DNA solution in which no one sequence is more prevalent than another, the pro-
cess of hybridization of complementary single-stranded to double-stranded DNA
occurs according to the following process. The basic reaction is

C + C = 2C → D, (1)

where C denotes single-stranded, and D double-stranded, DNA. Let C = C(t)
denote the concentration of single-stranded DNA as a function of time t ≥ 0, and
let C0 = C(0). A standard mathematical modeling argument (3, ch. 4.1) yields the
(ordinary) differential equation

Ċ = −kC2, (2)

where k is a positive constant. This is an example of “second-order kinetics.” The
general solution to Eq. (2) is

C(t) =
1

a + kt
,

where a is an arbitrary constant. Applying the initial condition, we have C0 =
C(0) = 1/a so that a = 1/C0 and finally

C(t) =
1

1/C0 + kt
=

C0

1 + kC0t
. (3)
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Now define new variables

u := C0t and y(u) :=
1

C0

C
(

u

C0

)
=

C(t)

C0

.

In terms of u and y, Eq. (3) becomes

y(u) =
1

1 + ku
, (4)

u ≥ 0, where k > 0 is the reassociation rate constant. The function Eq. (4) is fitted
to observed “Cot points” (u(�), y(�)), � = 1 . . . n.

Equation (4) gives a good fit to empirical Cot data when the reassociation reac-
tion is measured by hydroxyapatite binding, but does not fit measurements obtained
via S1 nuclease resistance. In order to fit data of the latter type, one proposal is to
retain the basic functional form of Eq. (4) but to apply a “retardation” exponent
γ > 0 (4):

y(u) =
1

(1 + ku)γ
(5)

While Eq. (5) can fit empirical data in some cases, its use rests on several de-
batable assumptions. First, Eq. (5) is a solution to the differential equation Ċ =
−(γk)C1+1/γ , but it is not clear what reaction would be described by such an equa-
tion when γ �= 1; this is the “inverse problem of reaction kinetics” (3, ch. 4.7).
Second, a numerical value for γ must be estimated empirically, but no formal state-
ment of the error in this estimate seems to have been reported in the literature.
Third, it is not obvious that a given value of γ should be regarded as universal, even
when restricted to S1 nuclease-based measurements. Fourth, even if a such a value
were known, it is not clear that it should be used for other types of measurements
such as changes in hypochromicity, which was the technique utilized in Gans et al.
(2). We show below that allowing γ to vary as a free parameter has a dramatic effect
on the statistical analysis.

2.2 Complex DNA samples

Now suppose that the experiment involves DNA from some number of bacterial
species S ≥ 1. For simplicity, we assume that the species share no sequence
similarity and that the DNA of each species contains no repeat sequences (both
assumptions are known to be false, but are nonetheless utilized in the literature).
Let Ni > 0 denote the abundance of the ith species, i = 1, . . . , S. Then a simple
mixture model for the reassociation kinetics is

y(u) =
S∑

i=1

Ni∑S
j=1 Nj

1

(1 + kiu)γ
, (6)
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where ki is the reassociation rate for the ith species, i = 1, . . . , S. Here we assume
that γ is constant, which as noted above is open to criticism. To further simplify
Eq. (6) we introduce a deterministic model for the ki and a stochastic model for the
Ni. Other sets of assumptions are possible: it is important to note that robustness
of the results relative to varying model assumptions has not been examined, except
in a limited fashion as partly reported below.

Suppose first that there is a universal constant reassociation rate for a fragment
of genomic DNA, kf , and suppose further that, in a solution containing only one
species, a given fragment must perform a “linear search” for its match. That is,
if the original sequence contains (say) M fragments, which are assumed to be all
of the same size, then a particular fragment must search through all M to find its
match, so that the actual reassociation rate will be

k =
kf

M
.

Now in a solution containing S ≥ 1 species, assuming that a given fragment must
now search among all fragments of all species, and assuming further that each
species produces M fragments of identical size, the reassociation rate for the ith
species is

ki =
kf

M
× Ni∑S

j=1 Nj

.

But given the value of a reference rate kr (obtained from experiments on E. coli.),
we have, under the same assumptions,

kr =
kf

M

and hence

ki = kr
Ni∑S

j=1 Nj

.

We then have

y(u) =
S∑

i=1

Ni∑S
j=1 Nj

1

(1 + kiu)γ
=

S∑
i=1

Ni∑S
j=1 Nj

(
1 + kr

Ni∑S
j=1 Nj

u

)−γ

, (7)

u ≥ 0. Note that the value of kr must be estimated empirically, and (as for γ) the
literature does not appear to provide a formal standard error for this estimate.

We further simplify Eq. (7) by introducing a stochastic abundance model for
the Ni, that is, we assume that N1, . . . , NS are independent and identically dis-
tributed (i.i.d.) random variables from some distribution p(·; �θ), where �θ is a low-
dimensional vector of parameters; let r = dim �θ. Finally we assume that the ob-
served Cot data points (u(�), y(�)) are generated by the underlying mixture model
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perturbed by i.i.d. Gaussian errors, so that

y(�) = y(u(�)) =
S∑

i=1

Ni∑S
j=1 Nj

1

(1 + kiu(�))γ
+ ε(�)

=
S∑

i=1

Ni∑S
j=1 Nj

(
1 + kr

Ni∑S
j=1 Nj

u(�)

)−γ

+ ε(�), (8)

ε(1), . . . ε(n) ∼ i.i.d. N(0, σ2
ε ) (σ2

ε > 0 fixed); 0 ≤ u(1) < u(2) . . . < u(n). Our
objective, then, is to estimate the mean function

E
(
y(�)

)
= E

⎛
⎝ S∑

i=1

Ni∑S
j=1 Nj

(
1 + kr

Ni∑S
j=1 Nj

u(�)

)−γ

+ ε(�)

⎞
⎠

= E

⎛
⎝ S∑

i=1

Ni∑S
j=1 Nj

(
1 + kr

Ni∑S
j=1 Nj

u(�)

)−γ
⎞
⎠ . (9)

2.3 Statistical analysis

The high-dimensional integral required by Eq. (9) presents significant numerical
difficulties. We can simplify Eq. (9) for the purpose of statistical analysis as follows.
By the (weak or strong) Law of Large Numbers, (1/S)

∑S
i=1 Ni → E(N) as S →

∞, where convergence is in the weak or the strong sense and E(N) denotes the
expected value of N . When S is large we can therefore replace

∑
Nj in Eq. (9) by

SE(N), to obtain

E
(
y(�)

)
≈ E

⎛
⎝ S∑

i=1

Ni

SE(N)

(
1 + kr

Ni

SE(N)
u(�)

)−γ
⎞
⎠

=
S∑

i=1

E

⎛
⎝ Ni

SE(N)

(
1 + kr

Ni

SE(N)
u(�)

)−γ
⎞
⎠

= SE

⎛
⎝ N1

SE(N)

(
1 + kr

N1

SE(N)
u(�)

)−γ
⎞
⎠

= E

⎛
⎝ N1

E(N)

(
1 +

kr

S

N1

E(N)
u(�)

)−γ
⎞
⎠ , (10)

� = 1 . . . n. Now observe that Eq. (10) depends only on N1/E(N). To further
simplify Eq. (10), define a random variable W such that

W =D
N1

E(N)
,
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where =D denotes equality in distribution, so that E(W ) = 1 and

E
(
y(�)

)
≈ E

⎛
⎝W

(
1 +

kr

S
Wu(�)

)−γ
⎞
⎠ , (11)

� = 1 . . . n. Let r = dim �θ. If there exists an invertible mapping

�θ 	→ �η := (η1(�θ) = E(N), η2(�θ), . . . , ηr(�θ))
′,

then under the �η-parameterization our model is restricted to η1 = 1. This means
that the operative dimension of the parameter space is r − 1, which significantly
simplifies the numeric computations.

Our objective is thus to fit model Eq. (11) to the observed Cot data (u(�), y(�)),
� = 1 . . . n. The model has one parameter of principal interest, S, plus r − 1
parameters for the distribution of W (since kr and γ are taken to be fixed a pri-
ori). Various statistical approaches to a model of this type are possible (5), but the
most straightforward in this case is nonlinear least-squares regression (6), and we
use this method. The resulting analysis yields parameter estimates and associated
standard errors, goodness-of-fit measures, tests of model appropriateness, and other
statistics.

In Gans et al. (2) the authors derived a model similar to Eq. (11). Their equation
can be rewritten as

E
(
y(�)

)
= E

⎛
⎝W

(
1 +

kr

T/μ
Wu(�)

)−γ
⎞
⎠ , (12)

where μ is a positive parameter and T :=
∑S

i=1 Ni. Here T is taken to be fixed and
known, although the model is not probabilistically conditional on T , which would
be appropriate if T is given. The authors fit their model by a minimum χ2 procedure
which does not yield standard errors for the parameter estimates. They obtain an
error estimate by an ex post facto calculation which (in particular) does not take
into account the shape of the objective function near the parameter estimates; we
show below that the resulting error figure is unrealistically low.

3 Results

We fit our model Eq. (11) to the non-contaminated soil data analyzed in Gans et al.
(2); the data was kindly provided to us by the original investigator, Dr. Ruth-Anne
Sandaa (7). The following table shows the candidate distributions we tested, along
with the corresponding number of free parameters with E(N) = 1, namely r − 1
as in the previous discussion:
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distribution r − 1
single point mass 0

exponential 0
gamma 1

inverse Gaussian 1
lognormal 1

Pareto (power law) 1
mixture of 2 exponentials 2
mixture of 3 exponentials 4
mixture of 2 point masses 2
mixture of 3 point masses 4

(We have previously used the first eight of these to estimate species richness from
count data (8).) Holding γ fixed at 0.45 and kr at 5.19 (2), we were able to obtain a
satisfactory fit only from the mixture of 3 point masses. This has the general form
P (W = λi) = pi, λi > 0, i = 1, 2, 3; p1 + p2 + p3 = 1 (such models also appear
as outcomes in nonparametric maximum likelihood estimation of species richness
from count data (9)). We obtained p1 = 1.30 × 10−4, λ1 = 2.60 × 103, p2 =
2.40 × 10−6, λ2 = 7.20 × 104, p3 = 9.998676 × 10−1, λ3 = 4.892648 × 10−1.
The sum of squared errors (SSE) was 1.05 × 10−3 and the fit was excellent (Fig. 1;
the projected complete (mixed) Cot curve is also shown). The estimate of S was
7.4 × 106, close to the 8.3 × 106 of Gans et al. (2), but the corresponding standard
error (SE) was 192.1 × 106, 26 times the size of the estimate. By exploration we
found that the objective function (SSE) is very flat in the region of the optimal
parameter values, and the standard error formula detects this fact (6, ch. 5).

The other models all had higher SSE (with γ = 0.45 and kr = 5.19). How-
ever, even when SSE seemed not too large, the models still failed to capture cer-
tain evidently non-random local fluctuations in the data; this was confirmed by the
Durbin-Watson test (6, ch. 6). For example, the mixture of 2 point masses gave SSE
= 4.98 × 10−3 and a superficially close fit to the data, but careful visual inspection
and the Durbin-Watson test clearly rejected the model. It is interesting to note that
the estimate of S in this case was 3.93 × 104 with SE 2.66 × 103, a plausible result
that is invalidated by the lack of fit.

All of these results are sensitive to the model assumptions to a degree that has
yet to be investigated. We cannot analyze sensitivity to kr because kr is confounded
with S in Eq. (11), so error in one is transmitted to the other. Regarding γ, suppose
we take it to be a universal but unknown constant, to be estimated from the data.
Then, for example, the mixture of 2 point masses fits very well with an SSE of
1.22× 10−3, close to our best result when γ = 0.45, but γ is estimated to be 0.1095
with SE of 0.003, hence far from 0.45, and the estimate and SE of S are 629 and 120
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respectively. In fact the single point mass (all abundances equal) with unknown γ
fits better than the mixture of 2 point masses with γ = 0.45, but it estimates γ to be
0.0924 (SE 0.001) and S to be 171 (SE 7). Until these and other robustness issues
are clarified, any results must be regarded as at best contingent on a collection of
questionable model assumptions.

In Gans et al. (2), the authors fit Eq. (12) by a minimum χ2 procedure, obtaining
8.3×106 as the estimate of S. Their informal error calculation, which included error
from all sources, gave a factor of at most 8.2 relative to the estimate; we interpret
this to mean that a lower bound for S is ≈ 106. Their paper lacked certain numeri-
cal details which prevented us from replicating their results exactly (using Eq. (11)
or Eq. (12) under any abundance distribution), and hence we cannot compare the
fit of our selected model to theirs, except visually. Nonetheless our selected abun-
dance distribution (the mixture of 3 point masses) is similar to their “model-free”
distribution, and gives comparable fit to the data, and our point estimate (7.4× 106)
is close to theirs (8.3× 106). But even if all the (debatable) assumptions underlying
these results were correct, the statistical SE for the point estimate is so large as to
render it uninformative. Clearly an SE of this magnitude makes it inter-community
comparisons (e.g., richness in pristine vs. polluted environments (2)) statistically
meaningless.

4 Experimental measurement of DNA reassociation

Underlying the claim of Gans et al. (2) is the important assumption that the DNA
analyzed in the Cot analysis of Sandaa et al. (1) was bacterial in nature. We tested
the bacterial extraction technique described (1) and observed considerable contam-
ination of the “bacterial pellet” with eukaryotic cells/tissues (Fig. S1). Based on
this observation, it is probable that the DNA used in the Cot analyses was con-
taminated with eukaryotic DNA. The presence of eukaryotic genomes in the DNA
extracts would introduce substantial error into estimates of bacterial richness using
reassociation kinetics data.

Another potential source of error in the Cot analysis is that DNA reassociation
was estimated by measuring changes in hypochromicity (Δh), a practice that can
greatly underestimate reassociation of repetitive sequences in complex DNA mix-
tures (10, 11) (Fig. 2). While repetitive DNA may not normally be an issue when
studying reassociation of DNA isolated from one bacterial strain, a population of
soil bacteria may be dominated by a few species (12, 13) whose disproportionate
contributions to the DNA pool would cause their sequences to effectively reasso-
ciate like eukaryotic repetitive elements. Our estimated abundance distribution for
this data displays just such a structure. In such a case, normal intra- and interspe-
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cific variation in homologous DNA sequences would result in formation of many
duplexes with partial strand mismatch which is believed to underlie the reduced Δh
of renatured eukaryotic repeats (10). As Figure 2 illustrates, using Δh as a mea-
sure of reassociation when studying DNA from complex populations could result in
highly erroneous conclusions, especially if partial Δh Cot curves were extrapolated
to “completion” (100% hypochromicity) as was done in Sandaa et al. (1).

5 Conclusion

Current estimates of microbial richness in a soil sample span 5 orders of magnitude,
from < 100 phylotypes (14) to almost 107 (2). Ironically, many of the estimates
constituting this extreme range may in fact be correct, though imprecise. When
the standard error approaches 2 × 108 (as above), the estimate may assume any
value between unrealistic extremes, and still remain a technically correct, though
practically useless, measure of the true bacterial richness. While it may well be
possible to estimate species richness by analyzing DNA reassociation kinetics, such
an enterprise will require a more realistic physical (chemical) model of the basic
reaction (15), analysis of sensitivity to assumptions and fixed constants, comparison
of competing models, and improved statistical parameter estimation and variance
assessment. This is a topic for future study.
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A B

Fig. S1 Our tests of the bacterial isolation method utilized by Sandaa et al. (1) revealed 
considerable contamination of the “bacterial pellet” with eukaryotic cells and tissues. For 
example (A) a plant tracheary element with attached cells and (B) a fungal mycelium with septa 
(arrows).  Bright DAPI-stained bacteria are visible in the latter image (e.g., arrowheads).


